We consider general BPS Wilson loop operators in the N = 1 β-deformed supersymmetric Yang-Mills theory and derive the boundary condition satisfied by the dual string worldsheet. The boundary condition is found to be deformed and is characterized by the vielbein of the deformed supergravity metric. We also construct the string dual configuration for the 1/4 BPS Wilson loop operators. The string lies on a deformed three-sphere instead of a two-sphere as in the undeformed case. We compute the expectation value of the Wilson loop operator using the AdS/CFT correspondence and find that it is independent of the deformation.
Introduction
The AdS/CFT correspondence states the equivalence of string theory on AdS 5 × S 5 to the N = 4 supersymmetric Yang-Mills [1] [2] [3] [4] . According to this correspondence, there exists a map between gauge invariant operators in the field theory and states in the string theory. The correspondence is well understood for the case of half BPS local operators where the dual string states are D-branes in the bulk [5, 6] . The Wilson loop operator is another important class of gauge invariant observable which is nonlocal. In this correspondence, Wilson loop operators in the fundamental representation is dual to a fundamental string worldsheet ending on the AdS 5 boundary [7, 8] . Recently, it has been realized that Wilson loop in symmetric or antisymmetric representation can be described in terms of a single D3-brane or D5-brane with worldvolume RR flux. See [9] [10] [11] [12] [13] [14] [15] for the 1/2 BPS case and [16] for the D3-brane dual for 1/4 BPS Wilson in symmetric representation. More generally, it has been shown in [11, 14] that half BPS Wilson loop operators in general higher rank representations can be described in terms of a certain array of D3 branes or D5-branes. Analogous to the approach of [17] , the supergravity description for certain half BPS Wilson loop has also been obtained [18] [19] [20] [21] .
The goal of this paper is to try to extend some of these results for theories with less supersymmetries. We will consider an N = 1 supersymmetric gauge theory obtained by a marginal β-deformation of the N = 4 SYM. The theory is described by the superpotential
where Φ i are the three N = 1 chiral superfields. The theory is conformal provided a condition on the parameters h, β and the gauge coupling τ is satisfied. The resulting theory preserves the N = 1 superconformal symmetry and has a global U(1) × U(1) symmetry (in addition to the usual U(1) R R-symmetry of the N = 1 supersymmetry)
The supergravity dual of the β-deformed SYM was found by Lunin and Maldacena in [23] . The Lunin-Maldacena background can be obtained from the AdS 5 × S 5 via a series of Tduality transformation, shift and T-duality transformation acting on the five-sphere (S-duality also needed if β is complex). We will look at the real β case. The supergravity description is valid in the limit of small curvature R = (4πg s N) 1/4 ≫ 1 and
with R 2 β :=γ fixed.
1/2 BPS giants gravitons and Wilson loops in the β-deformed SYM theory has been studied in [22] . In this paper we will consider the 1/4 BPS case. As a first step we will look at Wilson loop operator in the fundamental representation in the β-deformed SYM theory. We will construct the dual microscopic string description and compute the Wilson loop's expectation value using the AdS/CFT correspondence. Unlike the 1/2 BPS Wilson loops where the authors find that precisely the same undeformed ansatz has to be taken to construct the desired dual D-branes configuration [22] , here we find that one has to employ a modified ansatz to construct the dual string minimal surface.
The paper organized as follows. In section 2, we review the Lunin-Maldacena background in its original form where the deformed sphere metric is written in the angular coordinate system. Since the 1/4 BPS Wilson loop necessarily involves a nontrivial coupling to the six real scalars field, for the purpose of using AdS/CFT, it is more convenient to re-express the deformed five-sphere metric and the B-field in terms of the embedding R 6 coordinates. We then point out some very remarkable properties satisfied by the deformed metric and the B-field, which will be needed later. In section 3 we review the argument for the constraint on the form of the BPS Wilson loop and point out the same field theory argument leads to the same form for the Wilson loop operator. Using this, we derive how the string boundary condition is modified for our deformed background. Finally, we analyze the boundary contribution arising from the Legendre transformation of the action and show that, as a result of the modified boundary conditions, it exactly cancels out the linear divergence which comes from bulk action. We finish, by giving in section 4 the dual string solution in the Lunin-Maldacena background of the 1/4 BPS Wilson loop. Unlike the undeformed case where the string surface is confined on a S 2 in the five-sphere, the string now extends on a deformedS 3 . The expectation value of the Wilson loop is computed and found to be undeformed. We conjecture the exact expectation value of the Wilson loop is given by the same matrix model as in the undeformed case.
The Lunin-Maldacena Background
The type IIB supergravity solution that is dual to the β-deformation of N = 4 super Yang Mills was found in [23] . In the string frame it is:
where R 4 = 4πg s N (in units where α ′ = 1),
The parameterγ appearing in (5) is related to the deformation parameter β of the gauge theory by:γ = R 2 β .
The definition of ω 1 and ω 4 can be found in [23] .
Properties of the deformed metric and B-field
It is convenient to introduce the Cartesian coordinates where the deformedS 5 is embedded
Here
In the above we have given the metric elements as a function of the angles. For convenience, we have also recorded in the appendix B the expressions of the metric elements as a function of Y i .
Even if as expected this deformed metric is not conformally flat, it displays some remarkable symmetries. One can check that the following identity is satisfied
which leads to
where we have defined
The g ij is finite at the boundary as can be easily seen from (10), (12), (13) . Another interesting property of the deformed metric is that
where ∂ α is an arbitrary derivative. Also we have
which follows immediately from (15), (17) .
The B-field also satisfies an interesting identity. Writing the B-field as
where
It is
It is easy to check that the B-field satisfies the following identity
In fact the stronger form
holds for the individual pieces composing the B-field.
In our following analysis, we will use the properties (15), (18), (22) of the metric and the B-field to study the deformed boundary condition for the macroscopic string ending on the Wilson loop. It will be interesting to see in which calculation the results (23) for the B-field will be needed.
BPS Wilson Loop and Twisted Boundary Condition

Form of the Wilson loop operator
The Wilson loop operator in undeformed Euclidean N = 4 SYM theory is given by [7] 
where A µ are the gauge fields and ϕ i are the six real scalars. The loop C is parametrized by the variables (x µ (τ ), y i (τ )), where (x µ (τ )) determines the actual loop in four dimensions, (y i (τ )) can be thought of as the extra six coordinates of the ten-dimensional N = 1 super Yang-Mills theory, of which theory is the dimensionally reduced version. R is the representation of the gauge group G. In this paper we will be interested in the case G = U(N). In (24) , the coupling to the gauge fields and the scalar fields is controlled byẋ µ andẏ i . In particular, Wilson loop operator satisfying the constraintẋ
is better behaved and its AdS/CFT correspondence has been much studied.
The constraint can be derived in a number of different ways. Firstly, one can examine the unbroken supersymmetry on the Wilson loop operators [24] [25] [26] . The Wilson loop operator is locally supersymmetric if the constraint (25) is satisfied. A second way is from perturbation theory. One finds that the above constraint must be satisfied in order that the linear divergence cancels. Another way to derive the Wilson loop operator is by decomposing the gauge group U(N + 1) → U(N) × U(1) in order to use the W-bosons, that appear from this breaking [7, 24] . Finally, the constraint can also be understood from the dual supergravity point of view [24] . Imposing appropriate boundary conditions and then using the Hamilton-Jacobi equation for the minimal surface, one find that only if the constraint (25) is satisfied can the minimal surface ends on the boundary of AdS 5 . We remark that the first two methods work for any gauge group and any representation, while modifications will be needed in order to generalize the third and the fourth methods to other gauge group or higher representation. In this paper we will limit ourselves to the simplest case of fundamental representation.
It is clear that since the β-deformed theory is obtained by deforming the superpotential and the supersymmetry transformation is not modified, therefore the BPS Wilson loop operator will take the same form (24) and with the same constraint (25) in the deformed theory. The same conclusion can also be arrived at by looking at the phase factor associated with the W-bosons arising from the breaking U(N + 1) → U(N) × U(1). In Appendix A, we calculate the deformed N = 4 Lagrangian arising from this decomposition. The action looks quite complicated at finite N. However all the β dependence drops out in the large N limit of the classical action and so the resulting Wilson loop operator is undeformed.
Deformed boundary conditions
Since the constraint (25) is closely related with the boundary conditions of the dual string we will use it to analyze how these boundary conditions are modified and we will see that are modified for the directions in theS 5 .
Let (σ 1 , σ 2 ) = (σ, τ ) be the worldsheet coordinates. The complex structure (α, β = 1, 2) on the worldsheet
is given in terms of the induced metric g αβ . For the Lunin-Maldacena background, the Hamilton-Jacobi equation takes the form
where the momentum are
Notice the difference between the undeformed case is that now appears the antisymmetric field B ij , which is not zero in the deformed Lagrangian. Furthermore, because we use Euclidean world-sheet it appears as usual an i in front of the antisymmetric field. However, the terms including the antisymmetric field will disappear when we substitute in the Hamilton-Jacobi equation the conjugate momentum and we obtain
where we have substituted (16) and using that
Now let us determine the boundary conditions for the string coordinates. Suppose that the Wilson loop is parametrized by the values (x µ (σ 1 ), y i (σ 1 )) and choose the world-sheet coordinates such that the boundary is located at σ 2 = 0. Since the deformation in the dual supergravity background does not appear in the X µ directions, it is natural to impose the same Dirichlet boundary condition for these coordinates as in the undeformed case:
For the remaining 6 string coordinates Y i (σ 1 , σ 2 ), one can expect the situation to be more complicated since in the Lunin-Maldacena background, the deformations from the standard AdS background occur in these directions. Due to the presence of the B-field, the general mixed boundary condition takes the form
for some invertible matrix Λ k l . In addition, for a minimal surface to terminate at the boundary of AdS 5 , we have the Dirichlet conditions Y i (σ 1 , 0) = 0, which means
So the above Neumann boundary condition simplifies to
Inserting the boundary conditions (30), (32) and (33) in the Hamilton-Jacobi equation we finḋ
The term (J 1 α ∂ α X µ ) 2 has to be zero near a smooth boundary, otherwise it costs infinite area. Therefore, the constraint derived from supergravity agrees with the constraint (25) derived from field theory considerations of the condition if the matrix Λ k i satisfies the condition
This means that the Λ k m is the vielbein of the deformed metric g kl .
We remark it is expected that one can perform a TsT-transformation on the angles to derive the modified boundary condition (33). However, it is not so trivial to find the analytical form of these boundary conditions for a general solution, since the deformed angles are related to initial ones through derivatives.
Legendre transformation and boundary contribution
In the undeformed case, after performing a Legendre transformation the UV singularity of the area functional cancels because of the constraintẋ 2 =ẏ 2 . For the deformed case, we should have a similar situation in order for our result to be consistent. We will check this now. As before, since the boundary condition (33) is of Neumann type, we consider the same Legendre transformÃ
Since the metric is singular at Y = 0, we introduce a regulator Y = ǫ and evaluate the regularized action for Y ≥ ǫ. Let us first focus on the term that comes from Legendre transformation Using the definition (28), we have, at Y = ǫ,
where we have used the property (22) to get rid of the B-field term in the first equality; and substituted
2 and used (15), (18) in the second equality. To express 
In the limit ǫ → 0, the second term on the RHS is zero. As for the LHS, we use the boundary condition (33) and the condition (35). Therefore we obtaiṅ
And the action (36) becomesÃ
where we are evaluating the regularized action for Y ≥ ǫ. As in the undeformed case, we expect the area of the minimal surface to have a linear divergence proportional to the circumference of the boundary. ThereforeÃ
This means that like the undeformed case, the linear divergence in the deformed case cancels when the conditions (25) and (35) are satisfied. Furthermore, for the same reasons as in the undeformed case [24] , this cancellation is exact.
1/BPS Wilson Loop
In this section we use the AdS/CFT correspondence to compute the value for the circular BPS Wilson loop operator in the β-deformed SYM. The Wilson loop operator
has a circular path of radius R 0 in space
the coupling to the three scalars ϕ 1 , ϕ 2 , ϕ 3 is parametrized by
with an arbitrary fixed θ 0 . This operator is 1/2 BPS when θ 0 = 0 and 1/4 BPS in general [9] .
We use the following form for the (Euclidean) AdS 5 metric
For the deformedS 5 (5a), we parametrize the µ i coordinates via
For Euclidean space, the B-field get an extra factor of −i:
To find the dual string configuration, we consider a motion on R 2 ×S 3 where R 2 ⊂ AdS 5 is parametrized by u and ρ, and the deformed 3-sphere is parametrized by the three angles θ, φ 1 , φ 2 with α = φ 3 = 0. The Polyakov action for the Euclidean worldsheet (σ, τ ) is
where ′ (resp.˙) denotes ∂ σ (resp. ∂ τ ) derivative. Note the factor of i coming from the Euclidean B-field. Due to this, a real configuration is possible only if one perform a Wick rotation φ 1 → iφ 1 (or equivalently one can do φ 2 → iφ 2 ). To match with the path specified by (43), (44), we look for solution of the form
It is easy to see that this ansatz is consistent. We remark that, compared to the solution [27] for the undeformed case, our ansatz has an additional angle φ 2 turned on. This is similar to the situation in the story of magnon. There the string configuration dual to the magnon was found [28] to expand from a motion on S 2 for the undeformed case to a motion on a deformed 3-sphere when the β-deformation is turned on. We also remark that the Wick rotation on φ 1 is completely natural. As discussed in [29] , this Wick rotation is necessary in order for the angular momentum (R-charge) along the φ 1 direction to remain real. Moreover it was also argued that this is consistent with a semi-classical interpretation of the AdS/CFT correspondence as a tunnelling phenomena.
The classical equations of motion for our ansatz takes the form
The equation (53) is satisfied trivially. Equation (54) gives
For the surface to be closed, it must be possible to reach θ = 0 (north pole) or π (south pole), therefore c 1 = 0 and we have
Equation (52) then becomes
where c 2 > 0 is a constant. Notice how the G dependence disappears in the above calculations. Finally, we check also the Virasoro constraints, which reads
Again here notice that the G dependence disappears. In order not to have oscillation we choose the constant c 2 to be equal to 1 and the final form of the equations of motion is
This give the solutions
To see how our solutions behave, consider the limits
and θ → 0 or π.
Depending on the sign in (62), the surface extends over the north or south pole ofS 5 .
Next we evaluate the action for this configuration. The bulk term is
from which we find
Here we have introduced a cutoff σ min to regulate the boundary contribution, and u max is the corresponding cutoff on u. The coth u max term will cancel with boundary term coming from the Legendre transformation as we have showed above. Hence, the final result is
and
where the sign is we chosen to minimize the action. This is the same vev as in the undeformed theory. That the β-deformation does not modify the expectation value of the Wilson loop, was also observed in [22] for the 1/2 BPS case.
To understand this result better. Let us first recall how the expectation value of the 1/2 BPS circular Wilson loop was computed in gauge theory [30, 31] . The circular loop is related to the straight line by a conformal transformation, one can therefore relate the circular Wilson loop to the expectation value of the Wilson straight line, which is one. The result is however nontrivial since under the conformal transformation, the gluon propagator is modified by a singular total derivative which gives non-zero contribution only when both ends of the propagator are located at the point which is conformally mapped to the infinity. It was conjectured by [30] that diagrams with internal vertexes cancel precisely and this is supported by a direct calculation at order g 4 N 2 . Assuming this is true, [31] showed that the sum of all the non-interacting diagrams can be written as a Hermitian matrix model
This is exact to all order in λ and 1/N [31] . Explicit evaluation of the integral and hence the Wilson loop expectation value has been performed for loops in various representations [9, 10, 12, 13, 30, 31] . This argument has also been applied to the 1/4 BPS fundamental Wilson loop [27] .
Now the β-deformed theory is exact conformal. So the above argument of conformal anomaly applies. The only thing one need to be sure is how interacting diagrams contribute. If they again sum up to zero, then there is no β-dependence left and one will get the same result as in the undeformed case. Our result of getting the same expectation value for the Wilson loop suggests that the interacting diagrams again cancel exactly, at least in the large N limit. This is however not easy to prove from perturbation theory since one needs to identify terms with dependence on β 2 N at each order of 1/N. We believe the same mechanism as in the undeformed case is at work. If this is the case, the exact expectation value of the circular Wilson loop in the β-deformed SYM will be given by the same matrix model as in the undeformed N = 4 case. A better understanding of how this works in the undeformed case is necessary and will be very interesting.
For the same reason, we conjecture that the expectation value of the 1/4 BPS Wilson loop in higher representations will also be unmodified. It will be interesting to construct the D3-brane and D5-brane dual to the 1/4 BPS Wilson loops in higher representations for the β-deformed theory and check this.
Here Θ α lies on a 5-sphere, Θ α Θ α = 1, corresponding to the direction of the symmetry breaking. Decomposing the fields aŝ
we obtain the action in terms of W α , Y α :
In (76), · · · denotes terms of higher order (fourth) in the fields W, Y , and Tr over U(N) is understood.
Next, we go to the real basis by introducing S iklj sin 2πβ(φ k φ l − M 2 θ k θ l ) w j + c.c.,
and C We have written our result in this form, so to be clear as much as possible the separation between the deformed and the undeformed part of the Lagrangian.
Following the derivation of [24] , one can derive the form of the deformed Wilson loop. What is relevant is the eigenvalues of the mass matrix (79). In the undeformed case, the mass matrix has an eigenvalue which is 5-fold degenerated and a zero nondegenerate eigenvalue. The supersymmetric Wilson loop (24) , (25) is derived from the (infinitely) massive quark probe. In the β-deformed case, the eigenvalues are generally deformed and degeneracy is lifted. However it is clear that the large N Wilson loop will be the same as in the undeformed case because there isn't any multiplicative factor depending on N in the mass matrix (79), therefore the classical Lagrangian is the same as the undeformed one in the large N limit (3).
For finite N, one will need to keep track of all the dependence of β in the Lagrangian (79). Due to the large amount of computational work, we were not able to work out the explicit expressions of the eigenvalues. However for the cases we have checked (for example by setting some of the φ k and θ k zero), it appears that there is always an eigenvalue which is equal to the undeformed one. It is phase factor associated with this quark which gives rises to the supersymmetric Wilson loop (24) , (25) .
